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ABSTRACT: A new algorithm is described that predicts branching architectures of polymers from radical
polymerization with transfer to polymer and termination by disproportionation only in a continuously stirred
tank reactor (CSTR). An existing full Monte Carlo (MC) methotigenerates architectures of molecules with
varying overall numbers of monomer units (or chain length)and numbers of branch points, The new
algorithm is a conditional MC method that generates molecules of given specifidN. Both methods employ
primary polymers as the linear building blocks of branched molecules. The time order of primary polymer coupling,
being determined by the residence time distribution of primary polymers, turns out to be crucial for the architectures.
A new and elegant recursive scheme rigorously calculates the primary polymer lengths in coupling order directly
from the overall chain length/number of branch points distributions (CLD/DBD),N), without explicitly dealing

with primary polymer residence times. This proved assumptions made in earlier algdfittunise erroneous.
Primary polymer length and branching density distributions as well as radius of gyration contraction factors from
full and conditional MC show excellent agreement. Statistically representative samples of architectures for given
nandN are thus generated in a fast manner. As an application example, a comparison is made to the contraction
factor as predicted by an old relation by Zimm and Stockméyies concluded that the heterogeneous branching

of the present chemical case leads to stronger contraction than the homogeneous branching case described by the
latter authors.

Introduction For this reason we have set ourselves to design a new procedure

The prediction of branching architectures of polymers with ©Of predicting architectures, which does allow the generation of
long branches is of high importance since a number of Molecules of specified weight and number of branch points.
interesting qualities are based on these characteristics. Rheol his method, to be called conditional Monte Carlo sampling,
logical behavior of such polymer's meltsand the radius of will be described in this article, and its results will be compared
gyration reductiof as compared to linear polymers with the to full MC.
same molecular weight are a few issues strongly associated with The idea of a conditional MC method for a radical polym-
branching structure. One of the earliest modeling studies of this €rization system has been addressed by us previé@slgut
issue, performed by Zimm and Stockme§eesulted in the the solutions proposed until now have always contained certain
famous relation named after these authors describing the sizesimplifying assumptions as regards the length (distribution) of
reduction just mentioneda relation that even nowadays is still  primary polymers. Now, for the first time we were able to
used in polymer characterization. More recently, a range of new develop a rigorous solution, completely free of such simplifying
rheological models have been proposed being directly basedassumptions. The crucial part of the new algorithm consists of
on branching architectures, like the “pom-pom” model from the a rigorous manner to find the proper growth order of primary
group of McLeish’8 Both radical polymerization of ethylene, ~Polymers in a molecule and their specific different length
where branching is caused by transfer to polymer and catalyzeddistributions. By comparing the results of the conditional MC
ethylene polymerization, where long branches are formed by method to that of full MC, we were indeed able to confirm the
insertion of chains with unsaturated chain ends, have receivedexact agreement between the two.
considerable attentiohf?® 11 This study will be devoted to Obviously, the conditional method requires the a priori
radical polymerization in a continuous stirred tank reactor knowledge of the concentration distribution of molecular weight
(CSTR) with disproportionation as the only termination mech- and number of branch points. Several methods to find this
anism. 2-dimensional solution have been discussed by us in previous

This problem of predicting branching architectures for this work* and will here be referred to. In this relative simple case
particular polymerization has been solved for the first time by of radical polymerization with transfer to polymer and dispro-
Tobital=3 using the concept of primary polymers and a portionation termination only, we have shown that a rigorous
sophisticated Monte Carlo sampling procedure, hereafter calledsolution is easily attainable.
full Monte Carlo sampling. However, this method does not allow  This article is structured as follows. First, we describe the
to generate molecules of specified molecular weight and numberconditional Monte Carlo algorithm: coupling procedure of
of branch points. Hence, the fact that large molecules with many primary polymers and how to find the primary polymer lengths
branch points have low concentrations in reality is reflected in in coupling order. Before going to the architectures, we introduce
full Monte Carlo sampling by an equally scarce production of means to analyze the lengths and the branching density
such molecules. This hampers a fast statistical evaluation of distributions on pps in coupling order. Then, we describe a
the properties, like radius of gyration reduction, of just these statistical-mechanical method to find the radius of gyration
most interesting large molecules, which despite their low (contraction factor) from the graph theoretical representation
concentration are decisive for the overall product properties. of architectures generated by either full or conditional MC.
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Table 1. Reaction and Population Balance Equations Table 2. Kinetic and Simulation Data
Initiator dissociation I, —t 527 symbol value unity
Initiation I+M—t5R dissociation kg 05 st
Propagation k, propagation Ko 5000 nfkmol~ts!
pag Ry +M PR disproportionation Kid 10’ m3kmol~ts1
Termination by disproportionation R +R. . LN P +P t termination i
— ransfer to polymer kip 15 nfkmol=ts
Transfer to polymer R y+P —= 5P +R 4 average residence time 7 30 s
: P : CSTR
Population bal 1 hains:
opulation batance flving chains feed monomer M¢ 16.75 kmol n73
dR | concentration
—2 L =k, M(=R,y + R, )~k g AR, +h, (~f, R, + AgnP, ) ——R, feed initiator Py 51073 kmol m~3
dt v concentration
. . monomer concentration M 9.107 kmol n3
Population balance dead chains: macroradical o 5.588% 10-6 kmol m—3
P concentration
N _ 1 incorporated monomer u1 7.643 kmol n3
a kaAoR, x + k, (R, y AP, ) 7 Py concentration
nk  chain length; Table 3. Full Monte Carlo Simulation Parameters
N, K number of branch points per chain MC simulation parameter formula value
; ; ; number average chain length n(eq 3) 677
Finally, we present results concerning pp length and density - - _¢ 4
distributions and contraction factors from both algorithms and &g branching density P~ Kt 251X 107
IS ’ g branching probability Po = kiplo/ (kep + 0.170
draw conclusions. kea)Ao + Kiptt1
Architectures Generation by Conditional Monte Carlo Thus, the probability that ppl also gets a branch point in the
Sampling second round equalsy/(n; + ny). The attachment point is

The conditional Monte Carlo algorithm is based on the deétermined by random sampling of a number of the rangeq1...
chemistry of the radical polymerization system as briefly 1 N2l- Obviously, pp2 does not take part in the first round, only
summarized in the reaction and population balance equationsin the second, while ppl takes part in both. The algorithm
of Table 1. The solution of the balance equations, for instance 'ePeats itself byN rounds in total, so the last pp, number+
by the direct solution method as described in previous Wérk, 1, does not receive any branch point. Evidently, the order
is supposed to have provided us with the two-dimensional chain Number assigned to a pp is strongly determining its probability
length/number of branch points (degree of branching) distribu- ©f receiving branch points. The order number of a pp turns out
tion (CLD/DBD), P(n,N). This then is the starting point for the 0 be dependent on its length, which will be discussed in the
conditional MC algorithm. next sectlon..The rgsult of this algorithm is one possible

Coupling of Primary Polymers. Like the full MC procedure  architecture given this set of pp lengths.
by Tobital=3 our algorithm employs linear primary polymers ~_Finding pp Lengths and Coupling Order. The length
(pp, plural pps) as the branched molecules constituting elementsdistribution of all primary polymers in a CSTR at steady state
A molecule withn monomer units andll branch points hence ~ Nas been shown? to obey a Flory distribution
consists ofN + 1 primary polymer with a total length af. (n—1)/m
The length distribution of thesdl + 1 pps,ny..Nyt1 (N = Pe(n) = (1 — 1m)™ ~/n (1)
Zilelni), in combination with the prescribed coupling order,
from 1 toN + 1, will be addressed in the next section. Here,
first we discuss the coupling procedure as depicted in Figure 1.7 ) - P " :
In the first branching “round” pp2 is attached to ppl on an _(I|V|ng) primary polymers based on the kinetic conditions given
arbitrary unit along its length, so ppl always receives at least in Tables 1-3:
one branch point. In the second round pp3 is attached to the R,
structure formed by pps 1 and 2. We assume that the probability— = kleé(n -1+ kp|v|(— R,+R,._)—
of a pp of receiving a branch point is proportional to its length. dt

around the average pp length This average can be derived
by applying a moment’s approach to the population balance of

1
@ ktd;toRn - ktpuan - ;Rn (2
20 primary |12 @ n;+n, n
pollymedr _— Multiplying this by n and subsequent summation ovemwhile
e n, N P realizing thath = Y5-1nRy| 3 #=1R,, we find
I | IOMI+ kgt + kA, -
ny+n, nn, Ao(Kpity + Kigho + 1/7)
n;+ny+1 n+n,+1 ,
=——=n,tnytn =——— n;+n,tn; In the full Monte Carlo procedure primary polymer lengths are
1 || ni+1 n @ 1l n,+ n, sampled from this distribution. Their residence time is sampled
T o] from a residence time distribution. No further condition is
s imposed on pp coupling order and length, as they are resulting
ng e
@ from the procedure. In the conditional Monte Carlo procedure,

we have to ensure that the prespecified numbét of1 primary
polymers of the molecule add up to the specified total length

Figure 1. Conditional Monte Carlo sampling procedure. of n. Furthermore, the issue of coupling ordeather thanCDV

n, ny+tnytnytng
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specifying residence timedas to be addressed as shown in first and the second primary polymer. Thus, a collection of
the description of the architectures synthesis method. In ourlengths of all primary polymers is obtained in growth order
earliest work on this topfe® we assumed all pps to have a Flory is preciselythis set of pp lengths itthis order that we employ
distribution around the same average per molecule. Latér on, as the pps in proper order in the coupling procedure described
we have argued that pps coming earlier in coupling order are before. This then completes the whole conditional MC archi-
longer on average. At present, we found a rigorous, but elegant,tectures synthesis procedure.
solution to the pp length/coupling order problem. The argument given above forms the heart of our new
The starting point for the argument following is the overall  conditional MC method. In its present form it applies to a CSTR
chain length/number of branch points concentration distribution at steady state with transfer to polymer and disproportionation
P(n,N), which we calculated from the kinetic conditions and termination. It is, however, extendable to other reactor systems
population balances as listed in Tables3l In previous work* and more elaborate kinetics. In the case of a (semi)batch reactor
we have explained how a rigorous solution of this two- hoth the 2D-distributiorP(n,N) and the Flory distributiorpg-
dimensional distributiorP(n,N) is generated for the case of a (m) change with time and so does the PDF, eq 7. Hence, then
CSTR at steady state. Now the main fact underlying our sampling should take place from a varying PDF. In the case of
argument is the following statement: under the kinetic condi- termination by recombination moleculesmN are created by
tions specified earlier, molecules of lengtandN + 1 branch transfer to polymer from molecules af—mN—1 and by
points are exclusively created from shorter molecules With  recombination of pairs of (smaller) living polymersmefmN—M
branch points by a transfer to polymer step and a consecutiveandm,M, respectively. The algorithm then at each step should

growth step. In the first step from a dead chaimg a living decide whether a last event was a transfer or recombination step,
chain of the same length ard + 1 branch points (zero arm  while in case of the latter the characteristics of the two smaller
length at theNth branch point) is created with probabilipy: molecules have to be sampled.

P.(NN + 1) ~ nP(n,N) (4) Analyzing pp Length and Branching Density

. - . . Distributions
In py it is multiplied byn since any of the units of the molecule ) . .
can undergo this step. The second step is growth of a new arm Obviously, we want to compare the architectures resulting

by propagation at thélth branch point to a certain length from t_he new conditiona}l MC procedure to those from the
until termination. The probabilityp,, of creating an arm length established full MC algorithm. However, the two methods can

m obeys the Flory distribution (the same as the one sampled already be compared without actually addressing architectures
from in the full MC algorithm), eq 1: in an explicit manner. In this part we focus on pp length and

branching (density) in relation to their coupling order. Extracting
p,(M) ~ pe(m) (5) such information from the full MC method can only proceed
by generating statistically representative samples of molecules.

The probability of thus creating a dead molecule of total length Coupling order is found by recording the residence times of
n+ mandN + 1 branches is simply the product of these two the primary polymers and ranking their lengths accordingly.
probab”itiesy since |ength’] is independent of |ength_ Hence, Note on this pOint an interesting difference between the full
for the conditional probability that a dead chain is created from and conditional MC methods: the latter does not explicitly deal
a dead chain of,N and subsequent growth of an arm of length With residence times, while the former does so. The underlying

m we can write idea of the conditional MC method (in fact its coupling
procedure) is that once their coupling order is known the pp
p(n + mN + 1|n,N) ~ nP(n,N) p(m) (6) residence times are of no importance anymore. On the other
hand, the results of the conditional MC method most closely
Now, following this argument, we state that a moleculexdf related to residence time, being the branching densities on pps,

can be created fromany molecule withN — 1 branch points of ~ should be consistent with those of the full MC algorithm. This
(shorter) lengthn — m undergoing transfer to polymer and then motivates to make an explicit comparison of branching
subsequent growth of an arm with the complementary length densities from the two methods, next to directly comparing
m. According to eq 6, the probability of the various combinations coupling orders.

is proportional to f — m)P(n — mN — 1)pr(m). Hence, given In the first part of this section we analzye and compare pp
the lengthn of the original molecule withN branch points, the  lengths and in the second part branching densities. Most ideally,
probability distribution of arm lengthm, which is the Nth comparisons should be made of samples of molecular archi-
primary polymer in the coupling ordeg(n,mN), obeys the tectures with identical total length, and number of branches,
following probability distribution function (PDF): N. However, finding statistically representative samples of
exactly the specified andN by full MC sampling is practically
P(MP(n — mN — 1)(n —m) impossible at larger values of. Hence, we decided to perform
a(nmN) = n71 ) comparisons for samples of specifibidand lengths distributed
_ . _ according to the concentration distribution of molecules with
n;pF(m)P(n mN=1)(n = m) N branch points. Here, we choose the weight fraction distribution
P(n,N)n since the full MC method also generates weight fraction
In the algorithm a lengtim is sampled from the PDg(n,m,N), distributed samples of molecules.
which then specifies both the lengths of tNéh pp and the Length Distributions of pps. We employ the PDF eq 7 to

structure withN — 1 branch pointspy’ = n — m. The algorithm find pp lengths to find the length distributions per pp for a
further repeats itself by realizing that this particular structure statistical representative number of molecules of giMeandn

of lengthn” andN — 1 branch points has grown from a molecule sampled fromP(n,N)n, from which then the average length of
with N — 2 branch points and thé&(— 1)th pp. This proceeds  pps can be calculated. Although generation of such samples in
until N — 1 = 0, which last turn produces the lengths of the this way proceeds in a straightforward and fast manner, &IR/
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also possible to infer pp length distributions from overall
concentration distributions for branched moleculks,N), and
single ppspr(n), in a direct way, using a recursive procedure.

Macromolecules, Vol. 39, No. 8, 2006

Branching Density on pps.Here, it is our purpose to show
how part of the conditional MC algorithm is employed to
directly analyze the probability of pps to receive branch points,

We realize that the PDF of eq 7 determines (a) the length without actually making architectures. The direct branching

distribution of the N + 1)th pp added for given original total
lengthn, g(n,m,N), and (b) the distribution for the complemen-
tary lengthn — m of the existing molecule wittN\ — 1 branch
points,Q(n,n—m,N—1). We see that such distributions may be
constructed for each lengthof the original molecule. Overall

analysis is based on the coupling algorithm explained above,
and it proceeds as follows. We denote the probability off pp
getting one branch point in thi¢gh sampling round by(i,j,1).

For each individual molecule with pp sat obtained by the
sampling procedure described before, the probability per pp is

length distributions of added arms and existing molecules for a given by

whole distribution of original chain lengths as given B{n,N)
then follow by multiplying the fraction distributions for each
with P(n,N) and taking the summation over In formula, for
the added arms

00

a(m,N) = ) P(n,N) g(n,m,N)

n=

®)

and for the existing molecules with primary polymers

<)

Q(n— mN — 1)= ) P(n,N) gq(n,m,N)

n=

9)

It should be noticed thag(m,N) differs from the Flory
distribution, while Q(n—m,N—1) differs from the original
concentration distributioP(n,N—1). TheQ(n—m,N—1) really
only describes the distribution of the added lengths of the first
N pps in molecules countind + 1 pps in total. The length
distributions of the pps earlier in coupling ordéfs, and the
parts of the molecule comprising the fifd§ — 1 pps are further
recursively inferred from the previously obtain@m,Ns) and
recursion relations similar to eqs-9:

PHmM)P(n —mNs — 1)(n —m)

g(n,mNg = — (7a)
pr(m)P(n —mNs— 1)(n—m)

a(mNg) = ) Q(n,Ng) g(n,m,Ng) (8a)

Qn—mNg—1)= » Q(nNg g(nmNg)  (9a)

n=

The procedure starts witNs = N and Q(n—m,Ns) = P(n—
m,N), while it ends aftelQ(h—m,1) has been computed from

j

=iN—1

(10)

The probability that a pp will not get a branch point simply
equals

r@ij,0)=1-r(@j1) (11)
Note here that pp only participates in rounds=i: N — 1.
The probability of pg of having received branch points after
the roundsj it has been participating in is developed in a
recursive manner

k—I

R(ij,k) = Z)R(i,j —1D)rGjm); 1=k—1k (12)

starting with

R(i,i,k) =r(i,i,k); k=0,1 (23)
Equation 12 expresses the fact ttkabranch points on a pp
afterj rounds can be realized by two different situations. One
is that this pp has alreadybranch points aftejr — 1 rounds in
combination with the fact that it receives zero in flieround.
The other is that after — 1 it hask — 1 branch points, while
one is added in round Condition eq 13 again originates from
the fact that pp starts participating in round The number of
branch points probability distributioR(i,k) finally follows as
the result of eq 12 after all rounds realizef(i,N—1 k). Given
the length of each pp fromR(i,k) the distribution of branching
density (or probability of a monomer unit in a pp of being a
branch point) pi(p) = R(i,K)k/n;, can be found.

The average branching density or probability of a monomer
unit in a pp of being a branch poimg;, can be calculated from
R(i,k) and the pp lengths. It can also directly be obtained by
realizing that the subsequent rounds add to the average in the
following evident way. For instance, for ppl we hgye= 1/n;

+ UM+ ) + ...+ 1(m+ ... + my), for pp2,p= 1/(ny +

eq 9a. This enables to directly and rigorously compute pp lengthny) + ... + 1/(n; + ... + ny), etc., in general:

distributions from the given overall concentration distribution
P(n,N) and the single pp Flory distribution.

The pp lengths distributions thus obtained can be used to

compare with those extracted from the full MC simulations, as
will be shown in the Results section. However, we must realize
that for one molecule the length distribution of one pp in the
coupling order depends on the lengths of all othéx §ps in

the molecule. This implies, for instance, that arbitrary sampling
lengths from theN + 1 distributions as derived above does not
return the original overall length distributio”(n,N). It also
means that we cannot simply infer branching density distribu-

tions on pps from the generated length distributions. Instead,

N—-1

o = z I (14)

Figure 2 shows an example of branch point distributions on
various pps in a molecule of specified pp lengths. The inset
shows the average of the branching densities of the same case.
Determination of Radius of Gyration Contraction. A
molecular property directly related to branching architecture is
the radius of gyration, especially its contraction as a consequence

these have to be calculated from the sets of pp lengths asof branchedness. Here, we will only deal with the square radius

sampled for each molecule individually. How to perform this
will be the topic of the next paragraph.

of gyration [$?0as expressed in monomeric size units. It is
calculated using a statistical-mechanical model develope&g}//
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5 X107 &1, 3 l’ N N
' \%'N o(N) = = 1+ Z(f -1y I_!)
@ (-UN+3 £ Ia
0.8f 3
\ 7 | N—m
P = (18)
M g f—IN+2-m
0.6/ -
W\ o
g Y\ Zo whereN is the number of branch points ahid the functionality
ERY SN ool P owplngorder © of the branched polymer, hefe= 3.
& \ R
R =N 1 Results
0.2 X.f" pp2 1 Reaction equations, population balances, and kinetic and
. \ pp3 | simulation data for both full and conditional MC algoriths are
= \‘ ~~._ ‘ listed in Tables £3. All results have been obtained using this
% 1 b 3 4 5 6 - data set. The essential part of the full MC algorithm was
Number of branch points on pp implemented according to the original description published by
Figure 2. Number of branch points distributions on primary polymers  Tobita!™® However, to analyze the characteristics of the
and average branching densities for a molecule of total length individual primary polymers in coupling order and to obtain

9003 andN = 7 branch points. Lengths of the pps are, in coupling

order, ..ng = [1589, 3233, 555, 189, 1137, 992, 1267, 41]. the explicit graph theoretical description of the generated

molecules, we had to add new features to the algorithm. We
also observed that a considerable amount of extra computation
Eichinger'® This model takes as input the architecture repre- time was associated with these extra features.
sented in terms of graph theory, the Kirchhoff matkx,which Averages and distributions of pp lengths fér= 7 and 30
is derived from the incidence matrig:* branch points are shown in Figures 3 and 4, both from full MC
and recursive PDF approach (eqs—Ba). Agreement for the
= 1 case ofN = 7 is seen to be almost perfedhe large full MC

Fo=n'Tr(A, ) (15) sample (29 000 molecules) features practically no scatter. Much
more scatter is seen in tike= 30 sample of only 127 molecules.
These differences in sample size are directly explainable from
the weight fraction distribution of all molecules over number
of branch points, in which proportion full MC generates
molecules. Both th& = 7 and theN = 30 samples are taken
from an overall population of more than 6 million, with weight
fractions 4.76x 1073 for N = 7 and 2.43x 10°°for N = 30.
This took the algorithm, including the above-mentioned extra
features, around 1 week on a 1.5 GHz PC. Note that realizing
equally little scatter in thé\ = 30 case as in thél = 7 case
whereCT is the transpose oF (size; fi) x (n — 1)) andv is would require a total sample of more than 1 billion molecules,
a vector of lengthr{ — 1) related to the size of monomer units. the time equivalent of several years. Obviously, the rigorous
In previous work we discussed various ways of “coarse solutions from the recursive PDF approach do not suffer from
graining” to reduce the computational effort to find the smallest @ limited sample size. As regards primary polymer lengths these
eigenvalues of matrices having sizes of over 1 million. We here results convince us that the full MC and our recursive PDF
apply intermediate levels of coarse graining, varying from weak approach describe the same chemical system.
for smallN to strong for largeN, where it turns out to be less Having a closer look at the pp length results, we see primary
critical > The contraction factom, finally is found as the ratio ~ Polymer lengths decreasing with coupling order number, but
between the radii of the branched molecule and that of a linear €specially the first pps being considerably longer. As regards
molecule with the same number of monomer units, the latter distribution shape, we observe that again ppl deviates most

being calculated under the same levels of coarse graining: ~ Strongly: it turns out to be much narrower, with a polydispersity
as low as 1.37 (botN = 7 andN = 30). Length distributions

of pps later in coupling order widen up to Flory distributions
g= BZQ,/IE?% a7 (around decreasing averages). This then clearly disproves the

assumption of all Flory distributions around the same average

that was the basis of our very first approdé#s
Itis customary to analyze branched molecules in terms of combs  Results with respect to branching density are shown in Figures
or Cayley trees. What we observe is that the smallest radii are5 and 6, for the case df = 7 only. The average of the PDF
associated with the most Cayley treelike molecules and the approach is calculated with eq 13, while the recursion eg49
largest radii for the most comblike ones. In the Results section are employed to find the distributions. This time, the PDF
we will compare contraction factors for samples of molecules approach does rely on a sampling procedure because of the
from the full and conditional Monte Carlo methods. Further- interdependency of pp lengths, but this is a fast sampling and
more, we compare our results to those predicted by an does not require the construction of the full architectures. The
expression derived already 50 years ago by Zimm and Stock-sample of 500 000 took arodril h computation time on a 1.5
meyer® which is however still employed when dealing with GHz PC. The agreement between the average branching
branchedness in size exclusion chromatography. The expressiomensities from full MC and PDF approach are again excellent.
reads Density distributions from full MC (29 000 molecules) still sh%v

Here,n is the number of monomer units and Ax(_;~1) denotes
the trace ofA,—;~1 being the matrix witm — 1 reciprocals of
the eigenvalues of the Kirchhoff matrik. The fulln x n sized
matrix K is calculated from

K =CvC' (16)
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Figure 3. Average primary polymer lengths in coupling order for |/ Sl T~ 7T
= 7 and 30 branch points and overall molecular chain lengths 0 : e Sl
distributed according to the CLD/DBIP(n,N). Results from full Monte 0 1000 2000 ?S?engtﬁooo 5000 6000 7000

Carlo and recursive PDF (eqs-78a) are compared.
Figure 4. Distributions of primary polymer lengths in coupling order
considerable scatter, while the 500 000 molecules of the PDF for N = 7 and 30 branch points and overall molecular chain lengths
approach Iez_ad to almost sm_ooth _distributions. However, agree-%iﬁ{f%éer]?yaﬁfr%ng;g 52?;525?3?9&2‘%@5:;? from full Monte
ment is satisfactory on this point. Note besides that these
distributions are of a peculiar shape. They exclusively represent
pps with branch points. It should be realized, however, that one
or more pps in a molecule except ppl may have zero branch
points, which leads to a peak@t= 0 in the distribution graph.
Thus, in Figure 6 (see caption) we see thatNio+ 7 a fraction
0.6 of pps of coupling order 4 has zero branch points and a
fraction 0.9 for coupling order 7. As regards these fractions,
excellent agreement is observed between full MC and PDF
approach.

At this point we draw the conclusion that concerning pp
lengths and branching densities the difference between the
results from full MC and PDF approach can completely be
attributed to the limited sample size of the former. The chemistry
underlying both approaches appear, however, to be fully 0 ‘ ‘ ‘ ‘ ‘ ‘
equivalent. Note that we state this even before comparing full l
architectures from both methods, but expect them to also be
identical. Figure 5. Average branching density (or branching probability of a

Architectures are compared on the basis of radius of gyration MoNOMer unit) of primary polymers in coupling order foe= 7 branch
points and overall molecular chain lengthslistributed according to

contraction factor (eq 17). Results are shown in Figures 7 and e cLp/DBD, P(n,N). Comparison between full MC and PDF

8 for N = 7 andN = 30 branch points. The sample average approach (eq 14).

contraction factor of 13 600 molecules from full MC fbr=

7 is calculated to be 0.6510 vs 0.6514 for the 700 000 moleculestechniques are still found to be very close. Note that generating
from conditional MC. The scatter in the full MC contraction the full MC sample and computing its architectures and
factor fraction distribution is significantly stronger than that in contraction factors took a few days on a 1.5 GHz PC, whereas
the distribution resulting from conditional MC, but globally the creating the samples with conditional MC took several hours.
shapes are identical. FoM = 30 branch points (Figure 8)  These results now lead us to the conclusion that the algorithms
samples from both techniques are smaller and hence possesgenerate identical populations of architectures.

more scatter. Both averages (full MC: 0.341; conditional MC: Finally, to illustrate the practical importance of knowing
0.336) and distributions of the contraction factor from the two architectures and computing contraction factors, we comgﬂ%

x 107
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Figure 6. Distributions of branching density of primary polymers in
coupling order forN = 7 branch points and overall molecular chain
lengthsn distributed according to the CLD/DBI®P(n,N). Comparison
between full MC and PDF approach (eqs—18). Peaks ap = 0
(obviously) not shown, representing fractions of pps with zero branch
points: ppl: 0; pp4: 0.601 (full MC), 0.599 (PDF); pp7: 0.900 (full
MC), 0.902 (PDF).
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Figure 7. Distribution of radius of gyration contraction factor as
calculated (eqs 1517) for architectures generated by full and
conditional MC forN = 7 branch points and overall molecular chain
lengthsn distributed according to the CLD/DBIR(n,N).
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Figure 8. Distribution of radius of gyration contraction factor as
calculated (eqgs 1517) for architectures generated by full and
conditional MC forN = 30 branch points and overall molecular chain
lengthsn distributed according to the CLD/DBI®R(n,N).
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Figure 9. Radius of gyration contraction factor from conditional MC
(egs 15-17) vs number of branch points per molecule (samples of 2000
per N value) as compared to relation by Zimm and Stockméyes,

18. Difference due to condition of homogeneous branching in Zimm
and Stockmeyer and heterogeneous branching in the actual chemical
system.

At low N fair agreement is observed, but at higiisize
contraction as predicted by our algorithm is clearly stronger.
This discrepancy must in part or wholly be attributed to
differences in underlying assumptions. Zimm and Stockmeyer
assumed segments between branch points and “terminal”
segments to be Flory distributed around the same average
homogeneously branched system. Segment lengths in terms of
our approach follow from pp lengths,, and numbers of branch
points on ppsN;, asni/(N; + 1). Realizing that branching density
oi = Ni/nmj, and using the information on averages of length and
density as depicted in Figures 3 and 5 for the casH of 7,
we computed average segment lengths per pp in coupling order.
The overall average being 530, ppl has the shortest average,
359, pp7 the longest, 697, and all other pps have lengths in
between. The segment lengths per pp turn out to be Flory
distributed around these (different) averages. In other words,
we have heterogeneously branched molecules in this radical
polymerization system. Since the contraction factors found by
us are lower, we conclude that architectures have a stronger
Cayley tree character than the ones of the homogeneous
branching system analyzed by Zimm and Stockméyer.

Conclusion and Discussion

We have proposed a simple and straightforward coupling
algorithm for primary polymers forming branched architectures
for radical polymerization with transfer to polymer and dispro-
portionation termination in a CSTR. The new conditional Monte
Carlo algorithm allows us to create branched molecules given
the total number of monomer units and number of branch points
of the molecule. In existing full Monte Carlo simulatidn$
sampling of primary polymer residence times is an esential
element, since it determines the time order in which pps are
growing on existing ones and hence their coupling order. In
the conditional MC method we have introduced a new method
of finding the proper length distributions of pps in coupling
order directly from the chain length/number of branch points
distribution. This works without explicitly dealing with residence
times of pps. That conditional MC thus leads to correct results
is most clearly proven by showing that the distributions of
branch points (densities) on pps of specific pps fully agree with
full MC. This has proved assumptions underlying our previous

relationship, eq 18, predicts the contraction factor as a function architectural algorithn#$ to be both erroneous and unnecessary.
of number of branch points. Itis shown in Figure 9 as compared  Some of the properties of the molecules made by the two

to what we have found from the conditional MC method.

different algorithms could already be compared without actu&l%/v
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generating the architectures. A recursive method was developedare available. In the present case we need the two-dimensional
which directly generates pp length distributions from CLD/DBD, chain length/number of branch points distribution. For a batch
even without sampling. Branching density distributions could reactor with the same kinetics this distribution should be
be obtained by another recursive algorithm from sampled setsavailable as a function of conversion. The extension to
of primary polymer lengths. In all cases we found excellent recombination termination additionally requires the number of
agreement between the two methods, although this was ham-combination points distribution. To this end we have developed
pered by the limited size of the full MC samples due to limiting a new method to find the three-dimensional chain length/number
computation time. This leads to considerably scattered distribu- of branch points/number of combination points distribufitin.
tion plots, especially for larger numbers of branch pois, Some aspects of the way a batch reactor and recombination have
the generation of only a few hundreds of these already takesto be implemented in the conditional MC algorithm have briefly
days of simulation time. Note that our conditional MC algorithm been mentioned in the present paper. Hence, we conclude that
does not suffer from this disadvantage. It allows to generate several options exist to extend the conditional MC to a wider
statistically representative samples of architectures of large scope of applications.
molecules, that are very rare in practice, in a few hours only at
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